Quantum Painleve systems (Recent Trends in Integrable Systems) by 名古屋, 創
Title Quantum Painleve systems (Recent Trends in IntegrableSystems)
Author(s)名古屋, 創



































1650 2009 75-86 75
2 Quantum $P_{IV}$




. , $f_{i}=f_{i}(t),$ $/= \frac{d}{dt},$ $\alpha_{i}\in \mathbb{C}$ .




$\{f_{i,}.f_{i+1}\}=1$ , $\{f_{i}, \alpha_{j}\}=\{\alpha_{i}, \alpha_{j}\}=0$ (2)
Hamiltonian
$f_{i}^{l}=$ $\{H., f_{i}\}+\delta_{i,0}$ (3)
. $\delta_{i0,)}$ PIv Hamiltonian $t$
.
Weyl $K=\mathbb{C}(f_{i}, \alpha_{i})$
. $K$ si $(i\in \mathbb{Z}/3\mathbb{Z})$
$s_{i}(f_{i})=f_{i}$ , $s_{i}(f_{i\pm 1})=f_{i\pm 1} \pm\frac{\alpha_{i}}{f_{i}}$ ,
Si $(\alpha_{i})=-\alpha_{i}$ , si $(\alpha_{i\pm 1})=\alpha_{i\pm 1}+\alpha_{i}$










Weyl . , Poisson
, $\hat{f}_{i},$ $\alpha_{i}i\in \mathbb{Z}/3\mathbb{Z}$
$[\hat{f}_{i},\hat{f}_{i+1}]=h$ , $[\hat{f}_{i}, \alpha_{j}]=[\alpha_{i}, \alpha_{j}]=0$ , $(h\in \mathbb{C})$ (4)
$\mathbb{C}$ $\mathcal{K}$ $A_{2}^{(1)}$ Weyl $h=0$
$P_{IV}$ .
$[$8] . , si $(i\in \mathbb{Z})$
$s_{i}(\hat{f}_{i})=\hat{f}_{i}$ , $s_{i}( \hat{f}_{i\pm 1})=\hat{f}_{i\pm 1}\pm\frac{\alpha_{i}}{\hat{f}_{i}}$ ,
$s_{i}(\alpha_{i})=-\alpha_{i}$ , $s_{i}(\alpha_{i\pm 1})=\alpha_{i\pm 1}+\alpha_{i}$ .
. $Rf_{i}1$ $\hat{f}_{i}^{-1}$ , $\alpha_{i}$
. $s_{i}$ $\mathcal{K}$ $\mathcal{K}$
$A_{2}^{(1)}$ Weyl .
2 $A_{2}^{(1)}$ Weyl

















, $\partial_{IV}$ $s_{i}$ . $h=0$ PIV







$M=\{\begin{array}{lll}\epsilon_{1} \hat{f}_{l} lz \epsilon_{2} \hat{f}_{2}\wedge\hat{f}_{3} z \epsilon_{3}\end{array}\}$ , $B=\{\begin{array}{lll}\hat{f}_{2}+\hat{f}_{l} l 00 \hat{f}_{3}+\hat{f}_{2} 1z 0 \hat{f}_{1}+\hat{f}_{3}\end{array}\}$ (7)
. .









3 Quantum Painlev\’e Systems of type $A_{n-1}^{(1)}$
3.1 Lax equations
$\mathcal{K}_{m,n}(m, n\in \mathbb{Z}_{\geq 2})$ $\mathbb{C}$ .











) $e_{i_{2}j+ns}=z^{s}E_{ij}(1\leq i,j\leq n)$ .
Definition 1 $\mathcal{K}_{m,n}[z, z^{-1}]$ $z_{2}z^{-1}$ , Mat $(n, \mathcal{K}_{m,n}[z, z^{-1}])$
$M$ .
$M= \sum_{i=1}^{n}E_{ii}\epsilon_{i}+\sum_{i=1}^{n}\sum_{j=1}^{m}\hat{f}_{i,i+j}e_{i,i+j}$ . (14)
$M$ $m=3,$ $n=4$ .
$M=\{\begin{array}{llll}\epsilon_{1} \hat{f}_{12} \hat{f}_{13} 1z \epsilon_{2} \hat{f}_{23} \hat{f}_{24}z\hat{f}_{35} z \epsilon_{3} \hat{f}_{34}z\hat{f}_{45} z\hat{f}_{46} z \epsilon_{4}\end{array}\}$ (15)
.
$\partial_{z}$ $\mathcal{K}_{m,n}[z, z^{-1}]$ $\mathcal{K}_{m,n^{-}}$derivation $z$ 1 .
Theorem2 $s,$ $k\in \mathbb{N}$ $mk>ns>m(k-1)$ .
$\mathcal{K}_{m,n}[z, z^{-1}]$ $\partial_{sk)}$ Lax .
$\partial_{s,k}(M)=[M, B_{s_{1}k}]+\kappa z\partial_{z}(B_{s_{1}k})$ , (16)
$B_{s,k}=(M^{k}z^{-s})\geq 0,$ $\kappa\in \mathbb{C}$ . , $\partial_{s,k}$
$\mathcal{K}_{m_{7}n}[z, z^{-1}]$ $\mathbb{C}[z, z^{-1}]- der’ivation$ .
derivation $\partial_{s,k}$ $\mathcal{K}_{m,n}$ .
$mk>ns>m(k-1)$ Lax .
, $\hat{f}_{i_{9}i+m}=1$ .
, $n=3,$ $m=2,$ $s=1,$ $k=2$ PIv .
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3.2 Affine Weyl group symmetry
Definition 3 $G_{i}(1\leq i\leq n)$ .
$G_{i}= \exp(E_{i+1,i}\frac{\alpha_{i}}{\hat{f}_{i,i+1}})$ $(1 \leq i\leq n-1)$ , $G_{n}= \exp(z^{-1}E_{1,n}\frac{\alpha_{i}}{\hat{f}_{i,i+1}})$
(17)
$\alpha_{i}=\epsilon_{i}-\epsilon_{i+1}(1\leq i\leq n-1),$ $\alpha_{n}=\epsilon_{n}arrow\epsilon_{1}+\kappa$ .
Proposition 4 $\mathcal{K}_{m,n}$ $s_{i}(1\leq i\leq n)$
.




Theorem 5 (1) Si $(1 \leq i\leq n)$ $\mathcal{K}_{m,n}$ $A_{n-1}^{(1)}$ Weyl
. .
$s_{i}^{2}=1$ , $(s_{i}s_{j})^{3}=1(j=i\pm 1)\dot{\prime}$ $s_{i}s_{j}=s_{j}s_{i}(j\neq i\pm 1)$ , (19)
$n=2$ $(sisi\pm 1)^{3}=1$ .










$m=2,$ $n=3,$ $s=1,$ $k=2$





$r\in \mathbb{N}$ , $\overline{r}(0\leq\vec{r}\leq m-1)$ $m$ .
$A_{m,n}$ .
$A_{m_{t}n}=\{\begin{array}{lllllll} ns=mk (s,k)\in \mathbb{N}^{2} or mk>ns>m(k -1) \overline{ns}\geq\overline{n},\overline{2n} \cdots i\overline{n(s-l)}\end{array}\}$ .
(22)
Theorem7 $(s, k),$ $(s’, k’)\in A_{m,n}$ .
$\frac{1}{h}[\hat{H}_{s,k},$ $M]=[M,$ $B_{s,k}]\}$ (23)
$[\hat{H}_{s},{}_{k_{\dot{r}}}\hat{H}_{s’,k’}]=0$ . (24)
, $A,$ $B$ , tr(AB) $\neq$
tr $(BA)$ $0$
. Poisson ,
tr $(AB)=$ tr$(BA)$ .





$n=4,$ $m=3$ . $\hat{f}_{i_{t}i+1}=\hat{f_{i}},\hat{f}_{i,i+2}=\hat{g}_{i}(i=1,2,3,4)$



















, $q_{)}p$ $i$ $\alpha_{i}(i=0,1,2\}3,4)$
. $\alpha_{0}+\alpha_{1}+2\alpha_{2}+\alpha_{3}+\alpha_{4}=1$ . ,
$p_{v\iota}$ Hamiltonian
$\frac{dq}{dt}=\frac{\partial H}{\partial p}$ , $\frac{dp}{dt}=-\frac{\partial H}{\partial p}$ (25)
.
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PVI B\"acklund $D_{4}^{(1)}$ Weyl
. ,
$K=\mathbb{C}(\alpha_{1}, \alpha_{2_{\dot{\prime}}}\alpha_{3_{i}}\alpha_{4}, q,p, t)$ (26)
Poisson
$\{p\prime q\}=1$ , $\{p, \alpha_{i}\}=\{q, \alpha_{i}\}=\{p, t\}=\{q, t\}=\{t, \alpha_{i}\}=0$ $(1\leq i\leq 4)$
(27)
.
$\varphi_{0}=q-t$ , $\varphi_{1}=1$ , $\varphi_{2}=-p$ , $\varphi_{3}=q-1$ , $\varphi_{4}=q$ (28)
, $K$ $s_{i}(0\leq i\leq 4)$
$s_{i}(\alpha_{j})=\alpha_{j}-\alpha_{i}a_{ij}$ , $s_{i}( \varphi_{j})=\varphi_{j}+\{\varphi_{i}, \varphi_{j}\}\frac{\alpha_{i}}{\varphi_{i}}$ $(0\leq i_{i}j\leq 4)$ (29)
. , $A=(a_{ij})$ $D_{4}^{(1)}$ Cartan :
$A=\{\begin{array}{lllll}2 0 -1 0 00 2 -1 0 0-1 -1 2 -1 -10 0 -1 2 00 0 -l 0 2\end{array}\}$ (30)
.
si $(0\leq i\leq 4)$ $D_{4}^{(1)}$ Weyl , $\frac{d}{dt}$





$\hat{q},\hat{p},$ $\alpha_{1},$ $\alpha_{2)}\alpha_{3},$ $\alpha_{4},$
$t$
$[\hat{\rho},\cdot\hat{q}]=h_{:}$
$[\hat{p}, \alpha_{i}]=[\hat{q}, \alpha_{i}]=\prime^{-}\backslash [\hat{p}, t]=[\hat{q}, t]=[t, \alpha_{i}]=0$
$(1\leq i\leq 4)$
(31)










. $h=0$ $P_{VI}$ Hamiltonian $H_{VI}$ .
$h$ .
Weyl
$s_{i}(\alpha_{j})=\alpha_{j}-\alpha_{i}a_{ij}$ , $s_{i}( \varphi_{j})=\hat{\varphi}_{j}+\frac{1}{h}[\hat{\varphi}_{i},\hat{\varphi}_{j}]\frac{\alpha_{i}}{\hat{\varphi}_{i}}$ $(0\leq i,j\leq 4)$ (33)
$\hat{\varphi}_{0}=\hat{q}-t_{J}$. $\hat{\varphi}_{1}=1_{\dot{J}}$ $\hat{\varphi}_{2}=-\hat{p}$ , $\hat{\varphi}_{3}=\hat{q}-1$ , $\hat{\varphi}_{4}=\hat{q}$ (34)
.
$\mathcal{K}$ derivation $\partial_{t}$
$\partial_{t}(\hat{q})=\frac{1}{h}[\hat{H}_{VI},\hat{q}]$ , $\partial_{t}(\hat{p})=\frac{1}{h}[\hat{H}_{VI},\hat{p}]$ (35)
, $s_{i}$ $\partial_{t}$ , si $(0\leq i\leq 4)$ $D_{4}^{(1)}$
Weyl .
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